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Abstract
We show the explicit embedding of the Cremmer-Scherk configuration into SO(16) Gauge theory
and that the non-Abelian flux breaks the gauge symmetry SO(16) to SO(10). Adjoint scalar fields
of SO(10) coming from components of six compact directions become massive. There are several
scalar fields beloging to the representation 10, which may break SO(10).
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Recently we studied the numerical solution of the dynamical compactification the ten-
dimensional SO(6) Einstein-Yang-Mills theory [1], by using the Cremmer-Scherk configura-
tion on S6 [2]. The gauge symmetry SO(6) is completely broken by the non-Abelian flux [3].
We discussed the possibility to embed the Cremmer-Scherk configuration into larger groups
[4]. In [3], the symmetry breaking was realized without any additional ten-dimensional
Higgs fields. The extra-dimensional components of gauge fields behave like Higgs fields in
four-dimensional effective theory.
In this note we embed the Cremmer-Scherk configuration on S6 into SO(16) explicitly.
To consider the group SO(16) is inspired by [5]. We expect that the gauge symmetry SO(16)
breaks to SO(10) on the Cremmer-Scherk configuration. The topological discussion in [4] is
for the existence of the suitable tensor K shown later.
We work on the ten-dimensional SO(16) Einstein-Yang-Mills theory with Tchrakian’s
higher derivative coupling term of Yang-Mills field strength [6]. This is same as the model
in [1] except for the gauge group. The space-time is the dynamically compactified product of
the four-dimensional Friedmann-Lemaitre-Robertson-Walker universe and a six-dimensional
sphere, FLRW4 ×DC S
6, shown in [1]. Coordinates on the FLRW4 are represented by
xµ (µ = 0, 1, 2, 3) and coordinates on the sphere S6 are by yi (i = 4, 5, · · · , 9). Suppose that
the six-dimensional sphere shrinks to a constant radius and the constants, G,α, q, V0, satisfy
the condition for the nonexistence of the tachyonic fluctuations.
Let us start from Clifford algebra. We use three Clifford algebras with respect to SO(6),
SO(10) and SO(16). γa are 8 × 8 matrices and γ˜α are 32 × 32 matrices. These matrices
satisfy the following anti-commutation relations,
{γa, γb} = 2δab (a, b = 1, 2, · · · , 6) ,
{γ˜α, γ˜β} = 2δαβ (α, β = 1, 2, · · · , 10) . (1)
Chirality matrices are defined as follows,
γ7 := −iγ1 · · · γ6 ,
γ˜11 := iγ˜1 · · · γ˜10 . (2)
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ΓA (A = 1, 2, · · · , 16) are constructed by tensor products of γa and γ˜α,
Γ1 = γ1 ⊗ 132 ,
...
Γ6 = γ6 ⊗ 132 ,
Γ7 = γ7 ⊗ γ˜1 ,
Γ8 = γ7 ⊗ γ˜2 ,
...
Γ16 = γ7 ⊗ γ˜10 . (3)
Here the index A is used for labeling not the ten-dimensional space-time coordinates but
the internal directions. The chirality matrix with respect to the group SO(16) is defined as
follows,
Γ17 := Γ1 · · ·Γ16
= γ1 · · · γ6 ⊗ γ˜1 · · · γ˜10
= γ7 ⊗ γ˜11 (4)
We use the following matrix, K,
K := γ7 ⊗ 132 . (5)
The infinitesimal generators, γab, γ˜αβ, and ΓAB are defined as follows,
γab :=
1
2
[γa, γb] , (a, b = 1, 2, · · · , 6)
γ˜αβ :=
1
2
[γ˜α, γ˜β] , (α, β = 1, 2, · · · , 10)
ΓA,B :=
1
2
[ΓA,ΓB] , (A,B = 1, 2, · · · , 16) . (6)
Generators ΓA,B are explained in terms of γab, γ˜αβ and so on,
Γab = γab ⊗ 132 ,
Γa,α+6 =
1
2
(γaγ7 − γ7γa)⊗ γ˜α ,
Γ7+α,7+β = 18 ⊗ γ˜αβ . (7)
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Hence Γab and Γ7+α,7+β commute with each other. Γab commute with K, too.
[γab ⊗ 132, K] = 0 . (8)
The Cremmer-Scherk configuration in the group SO(16) is obtained as,
A(0) =
1
4qR2
Γaby
aV b , F (0) =
1
4qR22
ΓabV
a ∧ V b . (9)
This configuration satisfies the following self-duality equation,
F (0) = ∗6i
qR22
3
KF (0) ∧ F (0) , (10)
Here K is covariantly constant on the background A(0),
D(0)K = dK + q[A(0), K] = 0 , (11)
because K commutes with A(0). Such a covariantly constant tensor is required in [4]. The
fluctuation δA split up into two parts as shown in [3].
A = A(0) + δA ,
δA = v + Φ ,
v =
1
2
vA,Bµ ΓA,Bdx
µ (µ = 0, 1, 2, 3) ,
Φ =
1
2
ΦA,Bi ΓA,Bdy
i (i = 4, 5, · · · , 10) . (12)
These components are decomposed with respect to representations under the gauge trans-
formation SO(10),
(
vA,Bµ
)
=

 a
αβ
µ z
αa
µ
−zαaµ w
ab
µ

 ,
(
Φ
A,B
i
)
=

 h
αβ
i k
αa
i
−kαai ϕ
ab
i

 . (13)
The mass terms of effective four-dimensional vector fields are yielded from terms including
D(0)v = d(6)v + q[A(0), v]. Therefore it turns out that the lowest Kaluza-Klein modes of any
fluctuations v, which satisfy [A(0), v] = 0 become massless. Hence effective four-dimensional
vector fields, aαβµ (x), which takes values in SO(10) are massless. While SO(6) in SO(16)
is completely broken same as in [3]. In other words, wabµ (x) are massive. Hence we obtain
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the symmetry breaking SO(16) → SO(10). One may imagine that the lowest Kaluza-Klein
modes of the scalar fields, hαβi (x, y), which take values in SO(10) become massless. Because
six-dimensional sphere does not have nontrivial harmonic one-forms, the lowest Kaluza-Klein
modes of hαβi (x, y) are not massless.
Four-dimensional vector fields, zαaµ (x, y) (a = 1, 2, · · · , 6), and scalar fields, k
αa
i (x, y)
(a, i = 1, 2, · · · , 6), belong to the representation 10 under the gauge group SO(10). Naively,
the lowest Kaluza-Klein modes of these fields have nonvanishing cross terms with F (0) and
get mass by the Cremmer-Scherk configuration. hαβi (x, y) and k
αa
i (x, y) are candidates of
Higgs fields breaking SO(10) to SU(3)×SU(2)×U(1).
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